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Abstract
Stationary perfect uid congurations of Einstein's theory of gravity are studied. It is
assumed that the 4-velocity of the uid is parallel to the stationary Killing eld, and also, that
the norm and the twist potential of the stationary Killing eld are functionally independent. It
has been pointed out earlier by one of us (I.R.) that for these perfect uid geometries some of
the basic eld equations are invariant under an SL(2;IR) transformation. Here it is shown that
this transformation can be applied to generate new perfect uid solutions from existing known
ones only for the case of barotropic equation of state +3p = 0. In order to study the eect of
this transformation, its application to known perfect uid solutions is presented. Although the
equation of state has to remain  + 3p = 0, the new perfect uid geometries possess an extra
parameter associated with the one-parameter subclass of the `eective' SL(2;IR) transformations.
As a compensation for the very restricted form of the equation of state, some of the new solutions
are algebraically more general than the original ones we started with.
PACS number: 04.20.Jb, 04.40.+c
1. Introduction
In spite of great eorts, no stationary axisymmetric perfect uid solution of Einstein's
equations has been found which would be appropriate for describing, in the framework of
general relativity, rapidly rotating compact massive stars. In fact, only a small number of
stationary axisymmetric perfect uid solutions without higher symmetries are known [1-8] (see
also references therein). On the other hand, owing to the nonlinear character of Einstein's




insight into the methods that might help in obtaining astrophysically relevant solutions of
Einstein's equations. Therefore, every new solution generating method is welcome in general
relativity.
Here we would like to present and apply a technique by which one can generate new
solutions from previously known ones. This technique is, in fact, a generalization of a method
given by Geroch [9] by which out of any source-free solution of Einstein's equations possessing
a non-null Killing vector eld one could get a new one-parameter family of vacuum solutions. It
has been recently shown by one of us [10], that an analogous transformation can be successfully
used for spacetimes possessing a non-null Killing eld and certain kinds of matter elds. In
particular, some of the basic eld equations for perfect uid matter sources having 4-velocity
parallel to a timelike Killing eld possess exactly the same type of invariance as the vacuum
eld equations [10,11] *. A perfect uid with 4-velocity parallel to a timelike Killing eld is
\rigid", i.e., it is expansion- and shearfree. Consequently, such a uid seems to be far from being
appropriate for astrophysical applications. However, as it was shown by Geroch and Limdblom
[15], perfect uids of this kind represent equilibrium congurations of dissipative relativistic
uids. Thereby, the study of these models is of obvious astrophysical interest. Note that this
\rigidity" assumption introduce considerable simplications of the basic eld equations.
In this paper we consider stationary perfect uid congurations with 4-velocity parallel to
the stationary Killing eld. The norm and the twist potential of the Killing eld are assumed
to be functionally independent. In section 2 we recall some of the basic notions and results of
the projection (or 3-dimensional) formalism of general relativity developed for spacetimes with
a non-null Killing eld. Then, we present the eld equations in geometrically preferred local
coordinates. In section 3 a transformation by which one can generate new solutions from known
ones will be recalled. In particular, we determine the conditions under which this transformation
can be applied to the selected perfect uid spacetimes. It turns out that the original perfect
uid has to possess the barotropic equation of state  + 3p = 0 which is invariant under the
* The invariance of the basic eld equations for electrically charged rigid perfect uids were studied earlier by Kramer,
Neugebauer and Stephani [12, 13]. Note, however, that their considerations were restricted to the static case exclusively. An
application of their approach was the derivation of a regular static charged interior Reissner-Nordstrom solution from the
interior Schwarzschild metric [14]. As far as we know, the results used in the present paper to analyze the invariance properties
of the eld equations are new and they were published rst in Refs. [10,11].
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action of the transformation. Finally, in section 4, we apply the developed technique to all
existing suitable stationary perfect uid solutions. Accordingly, in each subsection of section 4,
rst we recall a known stationary axisymmetric perfect uid solution for which the equation of
state is +3p = 0, the ow is rigid in the above sense and the twist potential and the norm of
the Killing eld are functionally independent. Among the solutions of this kind one can nd a
large family containing all of the Petrov type D stationary axisymmetric rigidly rotating perfect
uid metrics with the equation of state  + 3p = const, obtained by Senovilla [1]. Note that
this family contains as a subfamily every previously known stationary axisymmetric perfect
uid geometry with the equation of state  + 3p = const. Several other solutions were found
later by Mars and Senovilla which are also of Petrov type D stationary perfect uid solutions
{ one of them possesses two commuting timelike Killing elds while the other is a stationary
axisymmetric solution { and the equation of state is + 3p = 0 for both of them.
2. Basic notions and the eld equations
We consider perfect uid spacetimes, (M; g
ab
), admitting a timelike Killing eld, 
a
. The
mass density, the pressure and the 4-velocity of the uid are denoted by , p and u
a
, respectively.













Then, the ow is rigid in the sense that it is expansion- and shearfree. As mentioned above,
this assumption on rigidity is compatible with the general strategy that one would like to nd
a faithful description of equilibrium states of dissipative relativistic uids.
Due to the presence of a timelike Killing vector eld, 
a
, the formalism of general relativity
can be simplied by the projection (or 3-dimensional) formalism [9,13]. It is known that the
entire geometrical content of a spacetime possessing a Killing eld can be represented on the




























is the 4-volume element), while h
ab














































































denote the Ricci tensor and the covariant derivative operator associated
with the 3-metric, h
ab
. Note that the last equation is just the Euler-Lagrange equation of the
selected stationary perfect uid conguration.
According to eq. (2.6), !
a
can be expressed (at least locally) as the gradient of a function,












v 6= 0: (2:11)
(The complementary case, when v and ! are functionally dependent, will be considered in a
subsequent paper.) Whenever eq. (2.11) is satised, on a certain subspace of the timelike
Killing orbits there exist geometrically preferred vector elds there. One of these vector elds













































Moreover, the functions v and ! and also { by virtue of eq. (2.9) and the equation of state which
is of the form  = (p) for the considered rigid perfect uids { the functions  and p depend




. In these local coordinates the set of equations describing a








































where the capital Latin indices take the values 1; 2 while the Greek ones take 1; 2; 3. As it
follows from the results of Refs. [10,11], for the stationary perfect uid geometries under
consideration it is sucient to solve the above (reduced) set of eld equations, because the
functional independence of v and ! ensures that any solution of this set satises the complete
system of Einstein's equations.
Since h
ab
is a non-singular Riemannian metric and k
a






























Note that for the vacuum case ( = p = 0) the relevant form of this equation (with R
33
= 0)
is the only eld equation one has to solve whenever v and ! are functionally independent [16,
17]. However, for the selected perfect uid geometries the entire set of eld equations consists
of eqs. (2.15) - (2.17).
Closing this section, let us recall some of the basic points related to the recovering of the
4-geometry from the 3-dimensional description. Suppose that one is given a solution (v; !; h

)
of the fundamental system of eld equations (2.15)-(2.17). Then a 4-geometry, g
ab
, possessing
a timelike Killing eld, 
a
, can be uniquely determined (up to trivial gauge transformations)
































where the functions A
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Note that the integrability conditions for the functions A
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is a timelike Killing vector eld for the resulting 4-geometry.
3. The transformation
In this section rst the symmetry properties of eq. (2.17) will be studied. In particular,
it will be recalled that a one-parameter family of new solutions of eq. (2.17) can be associated
with any given solution of this equation. Then, the restrictions on the applicability of the
related transformation { imposed by the remaining eld equations, (2.15) and (2.16) { will be
determined.
To start o, note that, just like for the vacuum case, the left hand side of eq. (2.17)
depends merely on the 3-dimensional metric, h
ab
, while the right-hand side is given in terms of
the functions v and !. By exactly the same argument as used for the vacuum case in Ref. [9],




), of eq. (2.17) associated
with a xed 3-dimensional metric, h
ab



















) be a particular solution; then, the full set of solutions of eq. (2.17) associated with
a xed 3-metric, h
ab
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These formulas, with  as the only independent parameter, can be derived from the general
form of an SL(2;IR) transformation by factoring out with respect to the trivial two-parameter
gauge transformations [9]. Although this transformation yields gauge inequivalent geometries,
its repeated applications do not generate new solutions.
The most signicant dierence between the set of vacuum eld equations and the eld
equations for the case under consideration is that for the vacuum problem the appropriate form
of eq. (2.17) is the only equation to be solved, while for the perfect uid case the basic eld
variables, beside eq. (2.17), have to satisfy eqs. (2.15) and (2.16), as well. These equations,
however, impose non-trivial restrictions on the applicability of the transformation.
To determine these restrictions, let us consider rst eq. (2.15). It can be easily seen
that if one xes the 3-geometry, h
ab
, the quantity pv
 1
has to be left intact by the above
6
transformation. While v transforms according to eq. (3.1), p has to transform so that the















denote the pressure and norm of the Killing eld for the original




are the corresponding functions for the transformed
geometries. This equation represents one of the subsidiary conditions to be satised whenever
one applies the above transformation.
A further restriction is risen by the Euler-Lagrange equation (2.16). In fact, eqs. (3.1)
and (3.3) can be used to determine the transformed mass density, 

, and, thereby, the trans-



























































Finally, substituting the right hand side of (3.1) for v
































+ 2 sin v
0






























must vanish identically. Correspondingly, the above transformation can
be applied only to those perfect uid congurations that have the barotropic equation of state
+3p = 0. Furthermore, each of the new solutions yielded by the transformation has to possess
this equation of state.
It is important to emphasize that there is no further restriction on the applicability of the
above transformation (see eqs. (3.1) and (3.2)), risen by eqs. (2.16) and (2.17). In fact, for
these perfect uid geometries with equation of state  + 3p = 0 the Euler-Lagrange equation
can be integrated. It is easy to check that the general solution of eq. (2.16) for this equation
of state is pv
 1
= const which, by virtue of eqs. (2.15) and (3.3), implies (in accordance with
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the fact that h
ab










= const. Hence, for these perfect uid




will not be explicitly presented. They can be
obtained by simply multiplying v

by constant factors.
4. Getting new solutions from existing ones
In this section we shall apply the above transformation to known stationary perfect uid
solutions of Einstein's equations with equation of state  + 3p = 0. The main steps of the
procedure of getting new solutions are the following: Start with a stationary perfect uid









the xed 3-metric, h
ab
, which are the input data for our procedure. Then, one has to determine




using eqs. (3.1) and (3.2). Finally, the 4-dimensional line
element can be given, by virtue of eq. (2.18), by the integration of the relevant form of eq.
(2.19).
The stationary perfect uid solutions which can be used as input for the above procedure
are, in fact, rare. There is a large class containing all Petrov type D stationary axisymmetric
perfect uid solutions with the equation of state + 3p = const, given by Senovilla [1], which
includes as a special subcase the Wahlquist solution [13] and certain families of solutions given
earlier by Kramer [5,6]. Beside this large family, there are also two smaller Petrov type D
families found by Mars and Senovilla [3]. In each of the next subsections we shall recall one of
these families and present the new solutions obtained by the application of the above described
procedure.
4.1 The case of Senovilla-metrics
All Petrov type D stationary, axisymmetric rigidly rotating perfect uid metrics with an
equation of state + 3p = const were given by Senovilla [1]. For these solutions the 4-velocity
of the uid is parallel to the stationary Killing eld. There are two classes of these metrics.
The rst one, class I, coincides for a special setting of the parameters [1] with the Wahlquist
solution [13], while in class II, one can also nd metrics given previously by Kramer [5,6].


















































and c is an arbitrary constant. Here the functions V = V (x), W = W (y), G = G(x) and
H = H(y) satisfy eqs. (18), (19a) and (19b) of Ref. [1] for class I and eqs. (18), (20a) and
(20b) of Ref. [1] for class II. The general solutions of these equations for the case of +3p = 0




































































































































Note that the functional form of W (y) given by eq. (4.4) diers slightly from the original
expression of W (y) in Ref. [1]. After checking the functional form of W (y) given by eq. (21)
of Ref. [1] we have found that it does not satisfy eq. (18) of Ref. [1] unless the second term
of the right-hand side of eq. (21) of Ref. [1] is divided by the constant C
1
used there. Since
the function H(y) depends on the explicit form of W (y) (see eq. (19b) of Ref. [1]), to have the
correct solution given by eq. (4.6) for class I, one has to alter the function H(y) correspondingly.
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Using eqs. (4.2)-(4.7) the norm of the Killing eld, v
0
, and the twist potential, !
0
, for class







































































































Here the twist potentials have been determined by the integration of eq. (2.14).































where G and H are the original functions given by eqs. (4.6)-(4.7) and eqs. (4.10)-(4.11) for




can be calculated by




determined by eqs. (4.12) and (4.13) for class I and


























For class I, we have succeeded in getting the explicit form of the function A

merely for
















































On the other hand, for class II the general solution of eqs. (4.17)-(4.18) can be given in terms
of the original functions A
0
















































































It is straightforward to check that the new solutions obtained from the Senovilla-metrics
describe rigidly rotating, stationary, axisymmetric perfect uid congurations. The 4-velocity






, and the equation of state
of the uid is  + 3p = 0. Unfortunately, we did not manage to determine the Petrov type
of these new solutions by a direct calculation. Nevertheless, except for special values of the
transformation parameter  , these new solutions must be algebraically more general than the
solutions we started with. This is so, because these new metrics are not gauge-related to the
members of the original family found by Senovilla [1] consisting of all Petrov type D stationary
axisymmetric rigidly rotating perfect uid solutions of Einstein's equations.
4.2 The case of a Mars-Senovilla metric with two timelike Killing elds
A new stationary rigid perfect uid solution with equation of state  + 3p = 0 was found



























































, associated with the coordinates t and T , respectively. It
is an interesting feature of this solution that both of the commuting Killing elds are timelike.













is the timelike Killing eld with respect to which the projection formalism can be
applied in order to get the input data needed for our procedure.





















































































The twist potential, !
0




























































is the function A




























































































This new metric, obtained from the Mars-Senovilla metric possesses the original two com-





















and the equation of state is again + 3p = 0.
4.3 The case of a stationary axisymmetric Mars-Senovilla metric
A stationary axisymmetric Petrov type D perfect uid solution with equation of state
 + 3p = 0 was also found by Mars and Senovilla (see case I of Ref. [3]). Originally, this
solution was thought of and described as a dierentially rotating perfect uid. However, the
authors informed us, that, although the line element is correct (see eq. (27) of Ref. [3]),
this stationary perfect uid solution is, in fact, rigidly rotating with 4-velocity parallel to the
stationary Killing eld. Accordingly, this solution satises our conditions, so one can apply the
described transformation to it.
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where , !, a and L
0






where the dot denotes derivative with respect to y.
Remember that all rigidly rotating stationary axisymmetric Petrov type D solutions with
equation of state  + 3p = 0 are contained in the large family of Senovilla metrics [1] (see
subsection 4.1 of the present paper). Therefore, this Mars-Senovilla solution has to be isometric
to a subclass of this family. Since +  6= 0, where  and  denote the Newman-Penrose spin
coecients, this solution has to belong to class I of Ref. [1]. Despite the fact that this solution
is isometric to a subclass of the Senovilla metrics, we present the perfect uid solution which
can be obtained from this stationary axisymmetric one, because the components of the new
metric can be given explicitly, without making any particular assumption on the parameters,
in short terms.













































































































The twist potential, !
0

































and twist potential !
0
of the stationary Killing eld (see eqs. (4.36) and (4.41))
can be determined using eqs. (3.1) and (3.2). Moreover, A































































































































































This is again a stationary axisymmetric rigidly rotating perfect uid solution with 4-velocity






, and equation of state + 3p = 0.
5. Conclusions
Stationary perfect uid congurations with 4-velocity parallel to the stationary Killing eld
were considered for which the norm and the twist potential of the Killing eld are functionally
independent. It was shown that by the use of `eective' SL(2;IR) transformations new perfect
uid solutions can be obtained from known ones whenever the equation of state is + 3p = 0.
By applying the relevant method to known geometries with this equation of state we obtained
new stationary perfect uid solutions of Einstein's equations. These new solutions possess a new
parameter in addition to the original ones. Moreover, according to the assumptions ensuring
the applicability of the developed technique, the equation of state for each of the new stationary
perfect uid congurations is  + 3p = 0 and the 4-velocity of these uids is always parallel
to a timelike Killing eld. It is worth emphasizing that the obtained new solutions might be
algebraically more general than the original ones. For instance, the new solutions obtained from
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the Petrov type D Senovilla metrics have to be algebraically more general than the members
of the original family.
Although the resulted new perfect uid solutions are given in terms of functions appearing
in the line element of the original known solutions, they are quite complicated. Beside the
above mentioned general properties very few things are known about these new solutions. It is
hard to see, for instance, how the geometrical character of the p = const surfaces is altered by
the transformation. The study of these new solutions would deserve further attention.
Note, nally, that each of the previously known perfect uid solutions to which our proce-
dure was applied here possesses at least two commuting Killing elds. However, we would like
to emphasize that our method postulates merely the existence of a single timelike Killing eld.
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